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Abstract. We explain (following V. Drinfeld) how the G(C[[t]]) equivariant derived 
category of the affine Grassmannian can be described in terms of coherent sheaves on 
the Langlands dual Lie algebra equivariant with respect to the adjoint action, due to 
some old results of V. Ginzburg. The global cohomology functor corresponds under 
this identification to restriction to the Kostant slice. We extend this description to 
loop rotation equivariant derived category, linking it to Harish-Chandra bimodules for 
the Langlands dual Lie algebra, so that the global cohomology functor corresponds 
to the quantum Kostant- Whittaker reduction of a Harish-Chandra bimodule. We 
derive a conjecture of [11], which identifies the loop-rotation equivariant homology of 
the affine Grassmannian with quantized Toda lattice. 

1. Introduction 

Let G be a semi-simple algebraic group over an algebraically closed characteristic 
zero field k. The fundamental object of the geometric Langlands duality theory is the 
so-called Satake category PervG Q (Gr:). The latter is defined as the category of perverse 
sheaves on the affine (loop) Grassmannian Gr equivariant with respect to the group of 
regular loops Go- 
lf turns out that convolution provides Perv g q (Gr) with a tensor structure, and the 
celebrated geometric Satake isomorphism theorem establishes an equivalence between 
PerfG (Gr) and the category of representations of the Langlands dual group G. 

By its very definition Perv g q (Gr) arises as the heart of the t-structure on a monoidal 
triangulated category - the equivariant derived category Dg (Gi). It is a natural 
question (raised, in particular, by V. Drinfeld) to describe Dg (Gr) in terms of the 
dual group. Drinfeld has also noticed that at least some form of the answer 1 follows 
from the results of V. Ginzburg's preprint [18]. In the present paper we reproduce 
this description and extend it to a description of the loop rotation equivariant derived 
Satake category L> Go xio m (Gr). 

The description of Dg q (Gr) links it to conjugation equivariant coherent sheaves on 
the Langlands dual Lie algebra. The additional S* 1 (or G m ) equivariance is connected 
to quantization of these to Harish-Chandra bimodules (see Theorem 1 for a precise 
formulation) . 

The argument follows the strategy of [18]; it is based on another result of 
Ginzburg [17], which reduces the question to computation of the global equivariant 



We do not address Drinfeld's problem to find a more natural derivation of the description, making 
compatibility with finer structures transparent. We understand that D. Gaitsgory and J. Lurie have 
made a significant progress in this direction. 
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cohomology of IC sheaves as modules over the global equivariant cohomology algebra 
Hq q ^ Gm (Gr). By an explicit calculation we show that xG m (^ r ) ^ s related to 
the tensor square of the center of the enveloping of the dual Lie algebra q, while the 
global cohomology modules correspond to the bimodules, which describe twisting with 
a finite dimensional G-modules on the category of Whittaker modules. This allows us 
to relate Z?G xiG m (Gr) to Harish-Chandra bimodules, so that the global cohomology 
is identified with the Kostant- Whittaker reduction. 

As an application we prove a conjecture of [11] which identifies the algebra of global 
equivariant homology of Gr equipped with the convolution algebra structure with the 
quantized Toda lattice (Theorem 3). Note that the quantized Toda lattice also appears 
in the apparently related computations by Givental, Kim and others of quantum D- 
module (quantum cohomology) of the flag variety of G, see e.g. [20]. 

D. Ben-Zvi and D. Nadler have informed us that they have a more conceptual proof 
of some of our results, see [8]. 
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number ANR-05-BLAN-0029-01, and visited MSRI during the work. 

2. Notations and statements of the results 

2.1. Notations, k is the algebraically closed characteristic zero coefficient field. 
Let G be a semisimple complex algebraic group, Go = G(C[[i]]), Gf = G(C((t))). 
The affine Grassmannian Gr = Giq = Gf/Go carries the category Pervc, (Gr) of 
Go-equivariant perverse constructible sheaves. It is equipped with the convolution 
monoidal structure, and is tensor equivalent to the tensor category Rep(G) of 
representations of the Langlands dual group G over the field k (see [23], [6], [18]). We 
denote by S : Rep(G) — > Pert>G (Gr) the geometric Satake isomorphism functor, 
and by S : Rep(G) — > Pert>G xG m (Gr) its extension to the monoidal category of 
Go x G m -equivariant perverse constructible sheaves. The Lie algebra of G is denoted 
by q. We choose a Cartan subalgebra t C 9; the corresponding Cartan torus in G is 
denoted T. We choose the opposite Borel subalgebras b± D t with nilpotent radicals 
n± and corresponding unipotent subgroups N± C G. The Weyl group of G is denoted 
byW. 
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Let e,h,f £ g be a principal triple such that / 6 n_, e G n+. We have the Kostant 
slice e + 3(/) to the principal nilpotent orbit. It is known that e + $(f)—*Q/Ad(G), 
and also e + 3(/)— >(e + moreover the iV_ action on e + L is free. Let S, 

T be the images of e + $(/), e + b_ under a G-invariant isomorphism 5 = 9*. Thus we 
have £^+Y/iV_ = t*/W canonically. 

The total space of the tangent bundle of t*/W is denoted T(t*/W). 

2.2. Asymptotic g-modules. Let {/ = be the enveloping algebra, and let Un 
be the "graded enveloping" algebra, i.e. the graded k[fi]-algebra generated by q with 
relations xy — yx = h[x, y] for x,y £ q (thus U% is obtained from U by the standard Rees 
construction which produces a graded algebra from a filtered one); the adjoint action 
extends to the action of G on Un- We define the category 'KQn of "7i-Harish-Chandra 
bimodules" as follows: an object M of this category is a graded Jj\ := Un <8>k[n] f^n — 
Un®k ^/-module equipped with an algebraic action p of G such that: (1) the action map 
Un ®k[ft] % <g) M ^ M is (5 equivariant, and (2) for x 6 g the action of (x <E> 1 + 1 <8> x) € 
^/i®k[fi] ^ft coincides with h-dp(x). The functor of restriction from Un®Un to Un®l is an 
equivalence between IKC^ and the category of G-modules equipped withjm equivariant 
[/^-action; the same is true for the restriction to 1 <8> Un- We let "KCn C "KQn denote the 
full subcategory of objects which are finitely generated as Un® 1 modules (equivalently, 
as 1 <g> U% modules). 

Notice that the full subcategory of "KCn consisting of objects where h acts by zero is 
identified with the category Coh G (g*) of coherent sheaves on q* equivariant under the 
coadjoint action; while for s € k, s / the subcategory where h acts by s is identified 
with the category of Harish-Chandra bimodules. 

2.3. Kostant functor Kn- We now proceed to define a functor Kn ■ HQn — > 
QCoh Gm ((i*/W) 2 x A 1 ). 

Let ip : Un(n~) — > k[ft] be a homomorphism such that ip(f a ) = 1 for any simple root 
a, and a root generator f a € n_ C f/^(n_). 

Define f/|(n_) C £/| by f/|(n_) = J7^(n_) ® J7(n_). We extend Y> to a character 
■0(2) : ^K^-) = Uft(ii-) <8> t^(ft-) — ► k[/i] trivial on the second multiple. Note that its 
restriction to the first copy of Un is ip, and its restriction to the second copy is (— ip). 

L ^ 

We set Kn{M) = (M ®u h (h-) 2 ( — VO) where the action of the second copy of Un 
is used (though using the first one we get a canonically isomorphic functor). Clearly, 
Kn(M) is equipped with the action of the Harish-Chandra center Z(Un) <S>k[/i] Z(Un) = 
0((t*/W) x (t*/W) x A 1 ), and with the grading (coming from the action of the Cartan 
element h of the principal s^), so we may view Kn(M) as a G m -equivariant quasicoher- 
ent sheaf on (t* /W) 2 x A 1 . 

If X is a scheme, and Z C X is a closed subscheme let NxZ be the deformation to 
the normal cone to Z, see [15]. It is equipped with a morphism NxZ -tlx A 1 (with 
coordinate /ion A 1 ), and is defined as the relative spectrum of the sheaf of subalgebras 
in Oxf^ 1 ] generated by the elements fh -1 , f € Ox : f\z = 0. 
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If M is a free k[7i]-module, the action of 0((t* /W) 2 x A 1 ) on n%(M) extends uniquely 
to the action of Q(Nn*/ w \2 A) where A C (t*/W) 2 is the diagonal. So we can and will 
view Kfi(M) as a G m -equivariant coherent sheaf on Nn* / W ^A. 

For V € Rep(G) we define the /i-Harish-Chandra bimodule Fr(V) by i*V(V) = U^V 
with its natural G-module structure g(y ®d) = ^4d(^)(y) <8> <?(v), and with the f/^ <g) JT^ 
action specified by x®u(y®v) = xyu®v+h-xy®u(v) for x, u € C CT^. In other words, 
-Fr(V) is obtained by applying the induction (left adjoint to the restriction functor) 
Rep(G) -» 5fe R to V. We set 0(F) := n h (Fr(V)). 

Clearly Fr(V) is a projective object of IKS^ for any V € Rep(G); we call an object 
of the form Fr(V) a free ft-Harish-Chandra bimodule. We define the full subcategory 
?{C{ r C "KQh to consist of all free objects. 

2.4. Equivariant cohomology of Gr^. Note that H Gq xG m (^ r ) = 
i?,g m (Go\GF/Go), whence two morphisms pr\,pr\ : 0(t/W) = H Go (pt) — > 
ff G xG ra ( Gr )' We also have a morphism pr* : k[ft] = fl£ m (pt) -> #G *G m ( Gr )- 

Theorem 1. Assume G is simply connected. We have a canonical isomorphism 
H^ oyjGm (Gr) = Q(N- t *, Wx i*, w A) where A C (t* /W) 2 is the diagonal. Here the pro- 
jection N(U/ W \2A — > A 1 corresponds to the homomorphism H Gm (pi) — > _£f Go><|(Gm (Gr); 
and i/ie too projections Nn*i w \iA — > t*/W = t/W correspond to the two homomor- 
phisms Hq, (pi) — ► i? G ^^(Gr). T/ie isomorphism is specified uniquely by these 
requirements. 

b) For arbitrary G we have a canonical isomorphism H GoXiGm (Gr) = 

© wl(G rO(^/wxfr/wA). 

Remark 1. To simplify the exposition we assume from now on that G is simply con- 
nected. 

Cohomology of any complex of sheaves on a topological space carries an action of the 
cohomology algebra of the space; thus we have the functor of equivariant cohomology 

//(;„.:•.. = D Go * Gm (Gr) - H GqXiG JGt) - modP r = Coh G ™(N {h/w)2 A) 

where -DG xG m (Gr) denotes the bounded constructible equivariant derived category, 
and the grading on H G ^ Gm (Gr, ?) is the one by the cohomology degree. 

Theorem 2. The functor S : Rep(G) — > PeruG xiG m (Gr) extends to a full imbedding 
S h : WC{ r -> L> Go xG m (Gr), such that 

(1) Kh = H' Go ^ m oS h . 

Such an extension Sn (for a fixed isomorphism (1)) is unique. 

2.5. Equivariant homology and quantum Toda lattice. Let Dft(G) stand for the 
sheaf of ^-differential operators on G: its global sections is the smash product of Un 
and 0(G). The action of n_ by the left-invariant (resp. right-invariant) vector fields 
on G gives rise to the homomorphism I (resp. r): f/n(n_) — > D^(G). Let 1$ C T>n(G) 
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be the left ideal generated by the ^.-differential operators of the sort \(u±) — ip(u\) + 
r(«2) + ip(u2)', ui,U2 G Un(fi-). We consider the quantum hamiltonian reduction 

(V h (G)/I^f-^- 

where the first (resp. second) copy of iV_ acts on G (and hence on D^(G)) by the 
left (resp. right) translations: {n\,ri2) o g := nign^ 1 . It is an algebra containing 
a commutative subalgebra Z(Un) (via the embedding Z(Un) Dh(G) as both left- 
and right-invariant /i-differential operators). Note that the action of iV_ x iV_ on 
the "big Bruhat cell" C wo := iV_ ■ T ■ wq ■ iV_ C G is free, and hence the quan- 
tum hamiltonian reduction of r D/ i (C Wo ) is isomorphic to D^(T). This is the classical 
Kazhdan-Kostant construction of the quantum Toda lattice, see [22]. Thus, the quan- 
tum Toda lattice is a certain localization of (D n(G) / Itp) N ~ xN ~ ■ In what follows we will 
call (Dn,(G)/I 1 p) N ^ xN - "the quantized Toda lattice", somewhat abusing the language. 
The following result was conjectured in [11]. 

Theorem 3. The convolution algebra of equivariant homology H % ° *" Gm (Gr) 
is naturally isomorphic to the quantized Toda lattice (T>f i (G)/I 1 p) N - xN - . The 
embedding Z(Un) — i?GoxG m (P*) ^ H, ° m (Gr) corresponds to the embedding 
Z(U h )^{V h (G)mf-^-. 

2.6. Quasiclassical limit. Recall that the fiber of NxZ over € A 1 is the normal 
cone to Z in X. In particular, the fiber of Na„/ W \2A over € A 1 is the total space 
of the tangent bundle T(t* /W). Thus, Theorem 1 implies the canonical isomorphism 
#G ( Gr ) - 0(T(t*/W)). On the other hand, # Go (Gr) was computed by V. Ginzburg 
in [18] in terms of the universal centralizer bundle of 0. The two computations are 
related as follows. 

The variety (g*) re 9 of regular elements in q* carries a sheaf of commutative Lie 
algebras 3 C (g> whose fiber at a point £ G (g*) re 9 i s the stabilizer of £. We claim 
a canonical isomorphism 3 = pr*(7*) where pr : (g*) re 9 —> t* /W is the projection to 
the spectrum of invariant polynomials, and T* stands for the cotangent sheaf. Indeed, 
the fiber of pr*(7*) at a point £ € Q* is dual to the cokernel of the map 0^0*, 
x 1— > coad(x)(£); thus it is canonically isomorphic to the kernel of the dual map (which 
happens to coincide with the original map), which is exactly the fiber of 3 at £. 

In view of this identification, one should compare Lemma 9 in subsection 4.7 below 
with Ginzburg's description in [18] of Go-equivariant Intersection Cohomology of a 
Go-orbit in Gr as a 3-module. 

We now proceed to define the Kostant functor k : Coh GxGm (g*) —> 
Coh Gm (T(t* /W)), G m -equivariant coherent sheaves on the tangent bundle to t*/W. 

If J € Coh G (g*) is equipped with an equivariant structure, then ^\^*ye g carries an 
action of 3; thus by the previous paragraph it defines a coherent sheaf on the total 
space of the pull-back of the tangent bundle under pr. Restricting this sheaf to the 
preimage of S we get a coherent sheaf on the tangent bundle to S = t* /W which we 
denote by n(3 r ). Notice that k(9~) = (J\r) N ~ (where we do not distinguish between a 
coherent sheaf on an affine variety and the module of its global sections). An obvious 
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modification of this definition yields a functor k : Coh GxGm (g*) — ► C oh Gm (T(t* /W)) 
(where the action of G m on i* /W is the natural one). 

Define the full subcategory Co/i^ xGm (g*) C Coh GxGm (Q*) to consist of all objects 
of the form V <g> 0- g *, for V G i?ep(G x G m ). 

Recall that S : Rep(G) — > Pe7"i;G (Gr) is the composition of S* with the forgetful 
functor Perf g xG m (Gr) — > Pen;G (Gr). We have the functor of Go-equivariant 
cohomology 

H' Go ■ ^Go(Gr) - H Go (Gt) - raodP r = Coh G ™ (T(t*/W)) 

Theorem 4. The functor S extends to a full imbedding S qc : Co/ij r xGm (g*) — > 
L>G D (Gr), stic/i f/mt i/iere exists an isomorphism 

(2) « = H Gq o S ?c . 

iSuc/i an extension S qc (for a fixed isomorphism (2) ) is unique. 

2.7. Equivalences. To a differential graded algebra A one can associate the triangu- 
lated category D(A) of differential graded modules localized by quasi-isomorphism; and 
a full triangulated subcategory D per f{A) C D{A) of perfect complexes. Thus D per f(A) 
is the full subcategory in the latter category consisting of perfect complexes (i.e. gener- 
ated by the free module under cones and direct summands). Given an algebraic group 
H acting on a dg-algebra A, we can consider equivariant dg-modules and localize them 
by quasi- isomorphisms, arriving at the equivariant version Dp er f(A). 

We now consider the "differential-graded versions" Sym^(g), £7* of the graded alge- 
bras Sym(jj), Ufr(g). By definition SymO(g), C/| are differential graded algebras with 
zero differential, which as algebras are isomorphic to Sym(g), Un{o) respectively. The 
cohomological grading is defined so that elements of q and h have degree two. Recall 
from section 2.2 that an asymptotic Harish-Chandra bimodule M £ "KCn is nothing but 
a G-equivariant i/jj-module. Using this identification we can transfer tensor product of 
asymptotic Harish-Chandra bimodules to a monoidal structure on the category of G- 
equivariant u\ -modules. It gives rise to a monoidal structure on D^ er ^(U^). Similarly, 
we define a monoidal structure on D^ er ^(Sym^(o)). 

Theorem 5. There exist canonical equivalences of monoidal triangulated categories 
D% rf (ul) = D GoKGm (Gi), Df er/ (SymD( )) - D Go (Gr). 

The following statement is an immediate consequence of the Theorem, which has the 
(psychological) advantage of bypassing the notion of a dg-algebra. 

Corollary 1. a) The derived graded Harish-Chandra bimodule category is Koszul 
dual to a graded version of the loop-rotation equivariant Satake category, i.e. 
(cf. [7], [2], [10],) there exists a functor <E> : D h {'KQ h ) — >■ D GoxGm (Gr), such that 

i) $(M(1)) = $(M)[1] in a natural way. 

ii) For Mi, M2 € D b CHQfi), $ induces an isomorphism 

^Hom{Mi,M 2 {n)[m}) ^^Hom{^(M 1 ),^{M 2 )[k\) 

n,m k 
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Hi) The image of & generates the target category as a triangulated category. 
Moreover, <3? carries a natural monoidal structure, and ^ > |< Me /'- coincides with Sn- 

b) The derived category of graded G- equivariant Sym(g) modules is Koszul 
dual to a graded version of the Satake category, i.e. there exists a functor 
<E>' : D b {Coh GxGm {o)) — > Dc rQ (Gr), satisfying the properties similar to those listed in 
part (a). This functor has a natural monoidal structure. 

3. Topology 

3.1. Proof of Theorem 1. a) First we construct the morphism a : 
0(jVtVWxt*/^A) - ff& * 6m (Gr). Recall that H^JGr) = H G JG Q \G F /G Q ), 
whence two morphisms pr\,pr\ : 0(t/W) = (pt) — > Hq x g m (Gr). 

We also have a morphism pr* : k[h] = H Gm (pt) — > ^g xG m (^ r )- Since 
//Q o><Gm (Gr)|^ = o = #G (^ r )' f° nows that pr||^ =0 = pr^l^o- Hence the morphism 
(pr*,pr2,pr*) : 0(t/W x t/W x A 1 ) — > ff Go ^ Gm (Gr) factors through the desired 

morphism 0(t/W x t/W x A 1 ) - 0(iV t/Wxt/w A) ^> H' GqxG JGt). 

Next we prove that a is an embedding. It suffices to prove that the localized mor- 
phism 

ai oc : 0(N t / Wxt / w A)® O ( t / WxA i) Frac(0(txA 1 )) -> F^ Q><Gm (Gr)® 0(t/WxA i ) Frac(0(txA 

is an embedding. Note that the RHS is the localized equivariant cohomology 
-^TxG m (G r )zocj which embeds into the inverse limit of the localized equivariant 
cohomology H^ xGm (GTx)i oc of the Go-orbit closures GrA C Gr. By the Localization 
Theorem for torus-equivariant cohomology, the latter is nAFrac(0(t x ( c ^ 3-2), 

and ai oc is an embedding. 

Finally, it remains to check that the graded dimensions of Hq, xG m (^ r )' an< ^ °f 
0(N i / Wxi / w A) coincide. Here the grading of 0(N i / Wxi / w A) comes from the natural 
G m -actions on t and A 1 . To this end note that the graded dimension of H^ oxGm (Gi) 
coincides with that of Hq (pt) <S> H Gm {pt) <8> i7*(Gr), that is k[xi, ... ,x r ,yi, ... ,y r ,h]. 
Here r is the rank of G; the degree of h is 2; the degrees of x's are twice the exponents 
of g; the degrees of y's are twice the exponents of g minus 2. 

Now to compute the graded dimension of 0(Ny\^ x y\^A) we use that t/W is iso- 
morphic to the vector space S. More generally, for vector spaces V, V we have an 
isomorphism (3 : V x V' x A^-^-rNyxV'V- In effect, the map : V x V' x A 1 ^ V x 

V' x A 1 , (v, v' , a) i— > (v, av', a), factors through the desired isomorphism: VxV' xA 1 ^ 
Ny x yV — > V x V' x A 1 . We derive an isomorphism N t / Wxt / W A = t/W x t/W x A 1 
which lowers the G m -weights in the second copy of t/W by 1, whence the desired 
formula for the graded dimension of 0(N t / Wxt / w A). 
This completes the proof of the part a) of the theorem. 

b) Let G stand for the simply connected cover of G. Then the Grassmannian 
Gtg is a union of connected components numbered by the characters x £ ^liGJ, 
and each connected component is isomorphic to Gr^. Moreover, the isomorphisms of 
various connected components are T x G m -equivariant. Hence i^ xGm (GrG-) is equal 
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to ll 7ri (G'r i? TxG m ( Gr G)- Finally, iT£. o><|Gm (Gr G ) = # GxGm (Gr G ) coincides with the 
^-invariants in i7y xGm (Gr G ). □ 

3.2. Canonical filtration on H^, xG (Gtq, 5F). For a Go x G m -equivariant 
perverse sheaf 3" on Gr G we will define a canonical filtration on H^ xGm (H) = 
^Go^Gm^) ®0(t/w) 0(t). Note that if 7r is the projection t — »■ t/W, 
and (vr,Id,Id) is the projection t x (t/W) x A 1 -> t/W x t/W x A 1 , then 
ff G o,G ra (?) ®0(VW) = (^H,H)*^ , G J?). For A G X*(T) we denote by A 
the corresponding T-fixed point of Gr G . We denote by 1\ the semiinfinite 7V_ (F)-orbit 
through A. We denote by Ta the closure of Ta, that is the union of T M over /j, > A. 
We filter H* xG J?) by the images of r A : H^ TxG JGt g ,^) -+ H' xG JGv G ,?) 
(cohomology with supports). The associated graded of this filtration is 
A HZ* rxGra (Gr n 3"). Since A is the only T x G m -fixed point of Ta, we have 
H% TxGm (GiG,$) = ff' x g m (A) <8>j^A^ where i\ is the locally closed embedding of 
T\ into Gr G , an d Ja is the embedding of A into Ta- 

Now recall that 3F i— > is the A-weight component of the Mirkovic-Vilonen fiber 

functor on the category of Go x G m -equivariant perverse sheaves on Gr G . In other 
words, if V is a G- module, and 9" = £(V), then 9" i-> j^i^S" = A ^ where \V is the 
A-weight component of V. 

Furthermore, we claim that the 0(t x (t/W) x A 1 )-module H^ xG (A) is canonically 
isomorphic to (Id,ir, Id)*Q(T\) where Ta C t x t x A 1 is given by the equation Ta = 
{(xi,X2, a) : X2 = x\ + aX}. In effect, let p stand for the projection from the affine flag 
variety FI G to the affine Grassmannian Gr G . Let A be a T x G m -fixed point of FI G such 
that p projects A isomorphically onto A. Let I stand for the Iwahori subgroup of Go- 
Wehavei7£ xGm (FI G ) = F Gm (I\G F /I), and so i^ xGm (A) is a module over ©(txtxA 1 ). 
Clearly, the 0(t x (t/W) x A 1 )-module fif xGm (A) is isomorphic to the direct image of 
the 0(t x t x A 1 )-module H^ xG (X) under the projection t x t x A 1 ^ t x (t/W) x A 1 . 
So it suffices to check that the 0(t x t x A 1 )-module H^ xGm (X) is isomorphic to 0(I\) 
after localization along t x A 1 . 

The set of T-fixed points in FI G is canonically identified with the extended affine 
Weyl group W a ff of G, and we choose A so that it coincides with A € W a ff. Then 
the preimage T\ of A £ FI G in Gf is homotopically equivalent to T, and the action of 
T x T x G m on T\ is homotopically equivalent to (<i, t2, z)(t) = titt^ 1 X(z) . We conclude 
that the 0(t x t x A^-module H' xGm (X) = H Gm (T\T x /T) is isomorphic to 0(r A ). 

We have proved the following 

Lemma 1. For V G Rep(G), the 0(t x (t/W) x A 1 ) -module H^ xGm (Gr G , S(V)) has a 
canonical filtration with the associated graded ® A (Id, 7r, ld)*0(r,\)® \V . In particular, 
H^ xGm (Grc, S(V)) is flat as on 0(t x A 1 ) -module. 

□ 

3.3. Levi-equivariant cohomology. Let T C L C G be a Levi subgroup. We denote 
by Pl (resp. P£) the parabolic subgroup generated by L and the positive (resp. 
negative) Borel subgroup B (resp. BJ). We denote by Wl C W the Weyl group of 
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L. We denote by ttl the projection from i/Wi to t/W. We denote by the set 
of highest weights of irreducible L-modules, where L C G stands for the Langlands 
dual Levi subgroup. We have a natural projection from X~£ to the lattice X*(Z(L)) 
of characters of the center Z(L) of L. The set of P£ (F)-orbits in Gr G is numbered by 
X*(Z(L)). For A G X*(Z(L)) we will denote the corresponding orbit by lTa> and its 
closure by ifZ\. The locally closed embedding of %\ into Gr G is denoted by i\. For an 
L-module V we denote by Sl(V) the corresponding L(0) x G m -equivariant perverse 
sheaf on Grj,. 

Lemma 2. ForV G Rep{G), the 0{t/W L x t/W x A 1 ) -module (vr L , Id, Id)*^ o5 , Gm (Gr G , 5(F)) 
carries a canonical filtration F* such that the associated graded is equipped with a 
canonical isomorphism 

to P~ L : 5 r(7r L ,Id,Id)*^ , Gm (Gr G ,5(F))^(Id,vr L ,Id)^2 ( o)><G m (GrL,5 L (F| i )). 

Proof: We have (tt l , Id, Id)*ff£ ox6m (Gr G , S(V)) = Hl (0)xiG JGr G ,S(V)) = 
F' xG (Gr G , S(V)). The canonical filtration in question is filtration by the 
images of r x : H'^ ^JGtg, S(V)) - H' LxG JGi G , S(V)) (cohomol- 

ogy with supports; here A G X*(Z(L))). The associated graded of this 
filtration is ©Aex*(z(L)) -^*x A ,LxG m 

(Gr G , S(V)). Let p A : L T A - Gr L 
denote the natural L(O) x G m -equivariant projection. Then we have 
HU x ,LxgJGtg,S(V)) = Hl xG JGT L ,pW x S{V)). However, according to [6], 
we have a canonical isomorphism (B\ e x*(z(L))P* r \S(V) = Sl{V\l). The lemma is 
proved. □ 

3.4. Transitivity for a pair of Levi subgroups. We have a canonical isomorphism 
to PH L : gr(iTL, Id, Id)*i?Q Q (Gr G , £(V))-^->(Id, 7Tl, Id)*i?2^ ><Gm (Gri, Si,(F l^)). 

In the RHS we have the restriction of 0(t/Wi x t/Wx, x A 1 )-module 
H' L{0)xGm (Gr L ,S L (V\ L )) to 0(t/W L x t/W x A 1 ). To save a bit of notation 
in what follows we will write simply 

to P~ L : gr(n L MMTH' GoxG JGT G ,S(V))^Hl io)xG JGT L ,S L (V\ L )). 

If T C 1/ C L is another Levi subgroup, then we denote by 7r£, 
the projection from t/Wy to t/W^. Note that the filtration F", on 
(7r LS Id,Id)*tf^ G JGr G ,5(F)) = (ttJ), Id, Id)*(7r L , Id, Id)*^ Q)<Gm (Gr G , 5(F)) 
is a refinement of the filtration (7r£,, Id, Id)*F*, and hence induces a canon- 
ical filtration F[f on (vr£„Id,Id)*<7r F .(7r L ,Id,Id)*^ o><Gm (Gr G , S(V)). The 
isomorphism (7r£,, Id, Id)* top Hx carries the filtration F^,* to the filtration F', 
on (7r£,, Id, Id)*i?2(o)xG (G r io 5l(V|£,))- We have a canonical isomorphism 
to P~£> : gr Fh {>K L L , 
We consider the composition 



5 r F .,(7r£,,Id,Id)*^(0)><G m ( Gr ^^(^lL))^^(0)><G m ( G ^^^'(^lL'))- 



(3) 



5 r F ., (vr L ,, Id, Id)*ff£ Q xGm (Gr G , 5(F)) 



ffr„ i .(irf„Id,Id)* to PS L 
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top^L 



gr Fli (^,ld,ldTHl {0)xG JG TL ,S L (V\ L )) ^ Hl l{0)xG JGr L ,,S L ,(V\ L ,)) 

Then we have 

Lemma 3. to P~£, o gr F L. (tt£,, Id, Id)* to PH L = to P~ L ,. 
□ 

3.5. Tensor structure on equivariant cohomology. A Go x G m -equivariant sheaf 
1 on Gr G will be viewed as a sheaf on the stack Go x G m \G F x G m /Go x G m . Given 
two such sheaves 9~i,3~2 we define 3~i KI Go xi Gm 3~2 as the descent of M 3 r 2 from 

(Go x G m \G F x G m /G x G m ) x (G x G m \G F x G m /G x G m ) 

to Go x G m \(G F x G m XG xG m G F x G m )/G x G m . Clearly, 

H'(G x G m \(G F x G m x Go><Gm G F x G m )/G x G m ,?i K Go><Gm 3" 2 ) = 

ff , (GoxG m \G F xG m /G ^G m ,Ji)%. r (pt) F*(G xG m \G F xG m /G xG m , J 2 ) = 



i ^G o ><G m ( Gr G*,9 : 'i)^0(i/WxAi)^Go>4G m ( Gr G,9"2) =: H Gq xGm (Gr G , 9r)*# Go * Gm (Gr G , $ 2 ). 
The multiplication in G F x G m gives rise to the map 

m : G xG m \(G F xG m x GoxGm G F xG m )/G xG m -> G xG m \G F xG m /G xG m . 
The convolution 3"i * 3F 2 is defined as m*(3i K] Go x, Gm ^2)- Hence 

^G xG m (Gr G ,^i * ft) = H'(G x G m \G F x G m /G Q x G m ,3"i * ft) = 
H'(G x G m \(G F x G m x GoxGm G F x G m )/G x G m , ft KI Go x Gm ft) = 

ff G D xG m ( Gr G, ft ) * ff G xG m ( Gr G, ft) • 
Now for Vi, V2 G Rep(G), and ft = S'(Vi), ft = ^(V^) we have a canonical isomorphism 
® ^ 2 )^S(Fi) * 5(^2), and thus 

to Pa; yi) y 2 : tf Go><Gm (Gr G , S^^^^Go^JGrG, 5(Vi))*^ 0)4Gtn (Gr G , S(V 2 )). 

According to Lemma 1 (cf. also Lemma 2), we have a canonical isomorphism 

to PEy = to PErv . j d Jd)*fr£ oxGm (Gr G ,5(^))^(Id,7rJd) # ^ xGm (Grr,5 T (y| t )). 

In the RHS we have the restriction of 0(t x t x A 1 )-module H^ xGm (GvT, Sr(V\f)) to 
0(t x (t/W) x A 1 ). To save a bit of notation in what follows we will write simply 
to P~ y : gr(nMMTH' Goy , G JGT G ,S(V))^H^ xG JGr T ,S T (V\ f )). It follows that 
after tensoring with k(t x A 1 ) (over the first and third factors in 0(t/W x t/W x A 1 )) 
we have a canonical isomorphism 

to P~f? n : tf GoxGm (Gr G ,,S(V)) ® 0(f/W r xA i) k(t x A 1 ) = 
= gr(Tr,ld,WH- GoXlG JGr G ,S(V)) ® 0(txA i) k(t x A 1 )^ 
^^rxG m (GrT, Sr(^lf)) ® (ixAi) k(t x A 1 ) = (0(r A ) ® 0(txA i) k(t x A 1 )) ® A V 

A 

Now we have a canonical isomorphism 0(r M ) * 0(r„) := 0(r M ) ®o(txA 1 ) O(rV) = 
0(r M+ ^). Hence we get a canonical isomorphism 

top s gen^top s gen : ^ ^ ( G r G , S(Vi))*fl£ xGm (Gr G , 5(V 2 )))® 0(t/W , xA l) k(tx A 1 )^, 
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(°( r A) ®0(ixAi) k(t X A 1 )) ® M Vi ® „F 2 = 
/i+z/=A 

= (°( r A) ®0(txAi) k(t x A 1 )) ^ A (Vi ® F 2 ) 
A 

We want to compare it with top Ey^ g)V2 : 

^G o >.G m (Gr G ,5(y 1 ^y 2 ))^ o(i/H , xA i ) k(txA 1 )^0(o(r A )^ o(ixA i ) k(tx a 1 ))®^®^) 

A 

Proposition 1. ^Ef^ = ( to P~ff * **Ef^) o **W 1)Va . 

Proof : The equality readily reduces to the following compatibility. Let = 
: 9" i— > ©j^S^ be the Mirkovic-Vilonen fiber functor on the Satake category 

A A 

PeruGo(Gr) (notations of 3.2, see [24]). The (proof of) Lemma 1 provides a canonical 
isomorphism 

(4) gr{H' TxGm {Gr G ,?)) - ® X MV ® 0{Y X ). 

We have to check that this isomorphism is compatible with the tensor structure, i.e. 
for £ PerfG (Gr) we have to check coincidence of the two embeddings from 
&mv(3) ® &mv(S) m 9 r {H^. xGm {Grc, 9" * S)), where the first one comes from the 
isomorphisms (4) for 9", S and tensor structure on the functor gr(H^ xGm ), and the 
second one comes from the tensor structure on the functor &mv and isomorphism (4) 
for J* 9. 

To check the equality, we recall a "filtration" in the /-equivariant derived cate- 
gory on a Go equivariant perverse sheaf 9", which induces the above filtration on 
H^ xGm (Grc,^)- Here and below by a "filtration" on an object X of a triangulated 
category we mean a collection of object Xq = 0, . . . , X n = X and distinguished triangles 
Xi — > Xi+i — > y«; the objects Yj will be called the "subquotients" of the filtration. 

Let C, D be the equivariant constructible derived category with respect to the natural 
action of I x G m on Gr^ and on F\q respectively. Thus convolution */ provides D with 
a monoidal structure, and C with an action of the monoidal category T>. 

Recall the Wakimoto sheaves Jj G B, characterized by the following properties: 
J\-\-fx = J\ *i J while for a dominant weight A € A + the sheaf J\ is the ^-extension of 
the constant perverse sheaf from the Iwahori orbit corresponding to A, see, e.g. [1]. 

Recall that p stands for the projection FIq — > Gr^r. We set J^ r = p*(J\)- It is not 
hard to show that for 3" G P>G xG m (Gr), Jp * 3" = J A *j 3" canonically. Also J® T can 
be characterized by jZiwJ^ 1 = k Sx ^ (cf. [1]). 

Fix 3" € PervG ixG m (Gr), and choose a coweight A deep inside the dominant cham- 
ber. Then one shows that j' u (J\ * 3") = kfdimGrv] ® j*_ A «| / _ A 3 r for all i/. Thus one 
can consider the Cousin "filtration" on Jj * J with subquotients jv*3 u {J\ * 3") and 
apply the functor J_ A */ to it, thereby obtaining a "filtration" on 3 r with "subquo- 
tients" $^y(3") (8) J^" r . It is clear that this "filtration" induces the above filtration on 
#TxG m (3~)- 
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Let now J", S be a pair of objects of PervG oK Q m (Gi). The above "filtration" on 5F 
induces a " filtration" on J * 9 with "subquotients" 

^M V {?) ® ^ Gr * s = ^ MV m ® j, *i g. 

Using the "filtration" on 9 with "subquotients" $ U MV (9) ® ^ r we get a "filtration" on 
3~ * 9 with "subquotients" 

Kv(?) ® *w(S) ® J M */ J, Gr = ® *W(S) (8) J^. 

Comparing it with the "filtration" on 3" * 9 with "subquotients" ^ M y{3^ * 9) we get 
an isomorphism <J>jvfv(3~ * S) — $mv(3") ® ^My(S)- It is not hard to see that this 
isomorphism coincides with any of the standard definitions of tensor structure on $mv! 
in fact, a close description of the tensor structure appears in [12], Theorem 3.2.8. 
Now we see that the isomorphism 

9rH} xG J?*S) = gr H' TxGm (J) * gr H' TxGm (9) 

breaks as a direct sum of maps 

(*W(?)^TxG m (fl* (*W(S)®#W^ r )) ^*ffiP*9)®H} xGm {J% v ), 

coming from the map $^y(90®^Mv(S) ~^ ®mv induced by the tensor structure 
on $MF) and the natural isomorphism 

o(r M ) * o(r„) = H- TxGm (j^)*H- TxGm (j?) - H' TxGm (j%) = o(i>„). 

The claim follows. □ 

4. Algebra 

4.1. Some properties of the Kostant functor k^. The following properties of the 
Kostant functor will play an important role in the proof of the main results. 

Lemma 4. a) The functors k, nn are exact. 

b) The functors K\ Coh a xGm ^y ^hl^fr are full embeddings. 

Proof is essentially due to B. Kostant, cf. [21]. 

a) For the exactness of k, note that the functor of restriction 5F i— > is exact on 
Coh G (~Q*), and then 3F| x is an iV_-equivariant coherent sheaf on T. Recall that iV_ 
acts on T freely, and Y/iV_ ~ E. Hence the functor of invariants 9 | — > 9^~ is exact on 
Coh N -(T). The exactness of k follows. 

For the exactness of Kn, we will prove that both the functors of — ?/>-coinvariants, and 
iV_ -invariants are exact, and hence nn is exact as their composition. It is enough to 
check it on the positively graded /i-Harish-Chandra bimodules. Then it is enough to 
check the exactness on the subcategory of /i-Harish-Chandra bimodules with grading 
degrees between and n for a fixed n>0. Thus it suffices to check the exactness on 
the subcategory of /i-Harish-Chandra bimodules with nilpotent action of h, and then 
it suffices to consider the subcategory of /i-Harish-Chandra bimodules with the trivial 
action of H. However, an 7i-Harish-Chandra bimodule M with the trivial action of h is 

L 

nothing else than a G-equivariant coherent sheaf on 0*, and M® Uh ^_) 2 (— Y>) = M\y. In 
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particular, the functor of — -^-coinvariants is exact according to the previous paragraph. 

For the same reason, M t— > (M <8){/ fi (n_) 2 ( — VO)^ - = (-^It)^ - is exact. This completes 
the proof of a). 

D ) K U . cxSm/- is fully faithful since the complement to (g*) re 9 in g* has codimen- 

sion 2, and the centralizer of a generic regular element is connected. 

To prove that Kh\ru- P fr is fully faithful, we consider free /i-Harish-Chandra bimodules 

Mi = Ufr ® Vi, M 2 = Ufr <£> V 2 , and the following commutative diagram: 
(5) 

Hom(Mi,M 2 ) — Hom(K h M 1 ,K h M 2 ) — 5 —^ ~ttom(K h M 1 ,K h M 2 )/h 

Rom(M 1 /h,M 2 /h) — > Rom(K{M 1 /h),K(M 2 /h)) Hom((/eftMi)//i, (K h M 2 )/h) 

We have just proved that a is an isomorphism. Moreover, (3 is surjective since 
Hom(L/fr (8) Vi, Ufi <8> V 2 ) = Hom^Vi (g> V^*, f/ft), and all the G-modules in question are 
semisimple. It follows that 7 is surjective. On the other hand, 7 is injective since 
KftMi, K/1M2 are free over k[h]. Now that 7 is proved to be an isomorphism, the 
composition 5 o e must be surjective. Hence e is surjective by Nakayama Lemma. It 
remains to prove that e is injective. Since nn, is exact, it is enough to prove that n^M 7^ 
for a nonzero subobject M of a free /i-Harish-Chandra bimodule M 2 . We consider a 
nonzero subobject M/h C M 2 /h of a free O(g*)-module M 2 /h. It suffices to prove that 
kM 7^ 0. However, the support of any nonzero section of a free O(0*)-module is the 
whole of g*, hence its restriction to T is nonzero. 

The lemma is proved. □ 

4.2. De-symmetrized Kostant functor We denote by tt the projection t* — ► 
t*/W, and we denote by (tt, Id, Id) the projection t* x (t* /W) xA 1 ^ l*/W x t*/W x A 1 . 
For V G Rep(G) we are going to describe (tt, Id, Id)*(f>{V) G Co/i(t* x (t*/W) x A 1 ). 
To this end we consider the universal Verma module M^(— p) = Un®u h ^ k[/i][t](— p), 

and k[/i][t](— p) is a [/^(b)-module which factors through the Un,(t) = k[7t][t] -module 
where i G t acts by multiplication by t — hp(t) (recall that p is the halfsum of positive 

L 

roots of 0). For an /i-Harish-Chandra bimodule M we set x^(M) := Mr(— p) ®u h 

M ®f/ fi (n_) 2 ^ = k[ft][t](-p) ^ % (&)i M ®^»(«-) a ^ This is an X ( l */ W ) X A ')- 

module: the action of 0(t* x A 1 ) = Un(i) comes from the fact that Un(i) normalizes 
Un(b), and the action of 0(t*/W x A 1 ) is the action of the center Z(Un) of the second 
copy of Ufr, as before. 

For V G Rep(G) we set tp{V) := x h {Fr{V)). 

Lemma 5. For V G Rep{G) we have a canonical isomorphism <p(V) ~ (it, Id, Id)*(p(V). 

Proof : We denote by := Ufi®u n n^\ ip the Whittaker L^-module. By a theorem 
of Kostant, End^W^) = Z(Uti), and the category A of (£7ft(n_), ■0)-integrable 
[/^-modules is equivalent to the category of Z( [/^-modules (here a ?7ft(n_)-module 
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L is called (f7ft(n_), Y>)-integrable if the action of n_ on L (g> (— ip) is locally 
nilpotent). Namely, a (Un(i\-), V')-integrable [/^-module L goes to the Z([/?i)-module 
Homu n {'VJfr,L). Conversely, a Z(J7ft)-module i? goes to ®z(u h ) R- I n particular, 
goes to the free module Z(Un). 

For an /i-Harish-Chandra bimodule M we will construct a canonical isomorphism 
nn{M) ~ Homu h (VJft, M(S>u h W^). In effect, L i— ► M(£>u h L is a right-exact endofunctor 
of the category of (C/^(n_), ^)-integrable [/^-modules. Under Kostant's equivalence, this 
endofunctor goes to the convolution with the Z(L^)-bimodule X which corresponds by 
Kostant to our endofunctor applied to W^. In other words, X = Homu h (W^ , M ®u h 
) . We have a tautological isomorphism X ®z(u h ) ®jj h . This yields the 

desired isomorphism X^^kh(M). In particular, for a free fo-Harish-Chandra bimodule 
M = Fr(V), we obtain <p(V) ®z(u h ) ^h J ^ V ®k W;:. 

Now let us compute (M h (-p) <g> V <8> W^) <8>[/ R k[fr] = (Mr(-/o) ® (V ® W^)) <g>[/ fi 
k[^]- 2 ^(MB(-p)®(W^(8) Z (i7 B )^(V')))®i7 ft k[^]-^(7r,Id,Id)*^(V r ). The last isomorphism 
arises from (M h (-p) <g> W^) k[/i]-^l7 R (t) = 0(t*), since M B (-p) = C/r 
k[£][t](-p), andW^ = U ft ® %(fi _ ) V. 

On the other hand, (M h (-p) <g> V <g> W~) ® Uh k[h] = ((M ft (-p) ® V) ® W~) (g)^ 

k[ft]^(M B (-p)® V) ®C/ ft (n_) 2 ^k[ft][t](-p) ® Uh{h)i (U h ®V) ®u h {n.) 2 *l> = <P(V). 
This completes the proof of the lemma. □ 

4.3. Canonical filtration on ip(V). For V € Rep(G) we have ip(V) = (Mn(-p) <8> 
V) ®jj h {n-) '4 > - Note that M^(— p) <8> V has a canonical filtration with associated graded 
©A — p) <8> aV, where A is a weight of t, and ^U is the corresponding weight 
space of V; furthermore, Mn(X — p) = Un ®u n rf,) — p)> an d k[/i][t](A — p) is 
a ?7?j(b)-module which factors through the Ufr(i) = k[/i][t]-module where t G t acts by 
multiplication by t + ftA(i) — h~p(t). 

It follows that <p(V) has a canonical filtration with associated graded ©^(M^(A — 
P)®(7 h (n_)^)® aV. Note that M/i(A-p)<g>;y fe ( fi _) tp is a 0(t* x (t*/W) x A 1 )-module since 
Mft(A — p) is a £/ft(t) — Z(C/^)-bimodule. To describe M^(A — p) (8>[/ R (n_) V' as a coherent 
sheaf on t* x (t*/W) x A 1 , we denote by (Id, 7r, Id) the projection from t* x t* x A 1 to 
t* x (t*/W) x A 1 , and we denote by T\ C t* x t* x A 1 the subscheme defined by the 
equations T A = {(h,t 2 ,a) : t 2 = h+aX}. Then Mn(X-p)^>u h (n-)' l P = (Id, vr, Id)*0(rA). 

We have proved the following 

Lemma 6. For V <G Rep(G), the 0(t* x (t*/W) x K l )-module tp(V) has a canonical 
filtration with associated graded ® A (Id, it, Id)*0(rA) <S> \V. In particular, <p(V) is flat 
as an 0(1* x A 1 ) -module. 

□ 

4.4. Whittaker modules for Levi subalgebras. Let T C X C G be a Levi subgroup 
with the Lie algebra t C I C J. We denote by pi (resp. p^) the parabolic subalgebra 
generated by ( and the positive (resp. negative) Borel subalgebra b (resp. b_). We 
denote by ttl the projection from t* /Wl to t*/W. 
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Lemma 7. For V G Rep(G), the Q(i*/W L x i*/W x k l )-module (tt l , Id, !&)*<t>{V) 
carries a canonical filtration F* such that the associated graded is equipped with a 
canonical isomorphism alg H^ : gr(-KL, Id, ld)*4>{V) — >(Id, 7Tl, ld)^L{V\i) . 

Proof : We have [ = [I, I] © 3] where y { stands for the center of I. We consider the 
nilpotent subalgebra n£ = lHn_, and a nondegenerate homomorphism ipi : L^n^) — > 
k[h] such that ip(f a ) = 1 for any simple root a of (. We define the Whittaker £/ft([[, 1])- 
module as L^([[, Q)®c/ h (n L ) V'i- We define a free C/^j) = k[7i] [3-J-module 3- ( (— p+Pl) 
as k[^][3-J where i G 3] acts by multiplication by t — h(p — pi)(t) (here pi is the halfsum 
of positive roots of I). We define a C/^([)-module W^(— p + pi) as <g> k [/j] P + Pl). 
The projection pL — > I gives rise to the homomorphism Un(pL) — ► ^n(0, and thus 
we can consider W^(— p + p^) as a f7^(pi)-module. Finally, we define the Verma- 
Whittaker [/^-module MW^(— p + pl) as Uh®u h {p L ) W^(— p + p£). Note that the center 
= 0(t*/Wi x A 1 ) acts by endomorphisms of W^(— p + p^), and hence of 
MW L (-p + p L ). 

We claim that for V G Rep(G), we have a canonical isomorphism 

(vr L ,Id,Id)*0(y)[n L ] (MW L (-p + Pi )®y®W ft -)% k k[n] 

(the LHS is homologically shifted to the degree — n^, that is negative dimension of 
n^). In effect, arguing like in the proof of Lemma 5, we only have to check that 

(MW L (-p + p L ) ® W h ) ® Uh k[h}^Z(U h {[))[n L ] = 0(i*/W L x A 1 )^]. To this end 

we note that (MW L (-p + p L ) © Wr ) ®u h k[fi]^V\V£(-p + p L ) ®u h {p L ) \u n (p L )) = 

Moreover, it follows that for an L-module W we have a canonical isomorphism 

of 0(t/W L x t/W x A^-modules ([U h ® Uh{ p L) (W~(-p + p L ) ® W)] ® W~) ©^ 
k[^]— >(Id, 7Tl, Id)*(/>L(VF). Now it remains to notice that for a G-module V the 
[/^-module MWl(- p + p^) (g> V has a canonical filtration with associated graded 
Uh ®Un{p L ) C^l(~P + Pl) <8> V\i). This completes the proof of the lemma. □ 

4.5. Transitivity for a pair of Levi subgroups. We have a canonical isomorphism 
al s~ L : 5 r(7r L ,Id,Id)*0(y)^(Id,7r L ,Id)*0L(V r | i ). In the RHS we have the restriction 
of 0(i*/W L x i*/W L x A^-module (f> L (V\ L ) to 0(l*/W L x t*/W x A 1 ). To save a bit of 
notation in what follows we will write simply al §H L : #r(7r L , Id, Id)*(f>(V)^(f> L {V\ L ). 

If T C l! C L is another Levi subgroup, then we denote by 7r£, 
the projection from I* /Wy to 1*/Wl- Note that the filtration F*, on 
(7r L /,Id,Id)*0(y) = (7r£,,Id,Id)*(7r L ,Id,Id)*0(y) is a refinement of the fil- 
tration (7r£, , Id, Id)*-F*, and hence induces a canonical filtration F^,* on 
(7rf/, Id, Id)*^rF» (717,, Id, ld)*4>(V). The isomorphism (7r£,, Id, Id)* alg H_L carries the 
filtration Fjj to the filtration F*, on (7r£,, Id, I6.)*^l(V\i). We have a canonical 
isomorphism alg H^ ; : ff r -F*, (^l'j Id, Id)*0L(V"|^)-^->^£/(F|£/). We consider the 
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composition 
(6) 

gr F z,.Or£„Id,Id)* al s= L a i g=L 

gr F . Li (n L ,MM)*<P(V) — ^ ► 5 r F . ; (tt£„ Id, Id)*^^) — M^liO 

Then we have 

Lemma 8. alg ~£, o gr F L. (tt£„ Id, Id)* alg ~ L = alg ~ L ,. 
□ 

4.6. Tensor structure on Kostant functor. Recall that according to 
the proof of Lemma 5, for V £ Rep(G), we have a canonical isomorphism 

<p(V) <8> (tVWxAi) W h ^V ® W h . Thus, for Vi,V 2 G Rep(G), we have 

®0(i*/WxAi) 0(^2) ®0(l*/WxAi) W fr "^(Vl) ®0(fVWxAi) ( V 2 ® Wft)-^(Vi (8V2) (8) 
< — </>(Vi <8> V2) ( X'o(t*/W / xA 1 ) Composing (and inverting) these isomorphisms 

we obtain </>(Vi <8> V 2 ) ® (l*/WxAi) Wj:-^(Vi) ®o(t*/WxK^) </>(V 2 ) ®o(t*/VFxAi) w a> 
and thus 



alg 



u Vl y 2 : <f>(V! ® V 2 )^<t>(y 1 ) ® (i*/WxAi) HV2) =: <t>(Vi) * <f>(V 2 ). 



According to Lemma 6 (cf. also Lemma 7), we have a canonical isomorphism ag Hy = 
alg H Tj y ■ gr(nMM)*<f>(V)^(Id,nJd)*(/>T(V\f). In the RHS we have the restriction 
of 0(1* x t* x A 1 )-module ir(V\f) to 0(t* x (t*/W) x A 1 ). To save a bit of notation in 
what follows we will write simply alg Hy : 9 r {^, Id, Id)* (f)(V)—>(f)T{V\f) . It follows that 
after tensoring with k(t* x A 1 ) (over the first and third factors in 0(t*/W x t*/W x A 1 )) 
we have a canonical isomorphism 

alg S gen : 4>(V) ® (tV^xAi) k(t* x A 1 ) = 5 r(7r,Id,Id)*^(F) ® (i*xAi) k(t* x A 1 )^ 

^Mv\ f ) ®o ( t*xAi) Kt* x a 1 ) = (o(r A ) ® oa , xA1) k(t* x a 1 )) ® A v 

A 

Now we have a canonical isomorphism 0(1^) * 0(T U ) := 0(T M ) 'X'o^xA 1 ) 0(^1/ ) = 
0(r M+i ,). Hence we get a canonical isomorphism alg H^? n * alg H|!? n : 

(^ViW(F 2 ))® 0(i . /l y X Ai)Kt*xA 1 )A (o(r A )® 0( - t , xA1) k(t* x a 1 ))®^®,,^ 

/z+f=A 

= (°( r A) ®o ( i*xAi) k(t* x a 1 )) ® A (v x ® y 2 ) 

A 

We want to compare it with 

alg H g ^ 2 : 0(y 1 ^ 2 )^ oCtVH/xAl) k(t*xA 1 )^0 (0(T A ) ® 0{ - t » xAl) k(t* x A 1 ))® A (Vi®y 2 ) 

A 

Proposition 2. ^Hf^ = ( alg ~ff * alg ~ g ™) o a ' g c yi ,v 2 . 
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Proof : We consider the generic universal Verma module M| en (— p) = U%® Uh ^ k(t* x 

A 1 ) (— p), and k(t* x A 1 )(— p) is a c^(b)-module which factors through the Un(i) = 
0(t* x A 1 )-module where t G t acts by multiplication by t — hp{t). It is well known that 
End % (M| en (-/>)) = k(t* x A 1 ), and the category £ of [4(n)-integrable U h ®k(i* x A 1 )- 
modules is semisimple, and any simple object is isomorphic to M| cn (—/?). In particular, 
S is equivalent to the category of k(t* x A 1 )-modules. 

For V G Rep(G) we put ^{V) := ip(V) ® 0( i. xA i) k(t* x A 1 ) = gr<p(V) <8> 0( - t * xA i) 
k(t* x A 1 ). This is the restriction of a k(t* x A 1 )(»0(i*)-module to k(t* x A 1 )®0(t* /W), 
but we will view it as a k(t* xA')0 O(t*)-module. 

Arguing like in the proof of Lemma 5, we obtain a canonical isomorphism 
V? gcn (V) <8> k( t*x A i) Mf n (-p)^V <g> Mf n (-p). This gives rise to the tensor structure 
on the functor ip &en : 

^ en (Fi ® F 2 )^V^ en (Vi) *^ gen (F 2 ). 

Clearly, the identification al §Hf? n : ^ gcn (^)^ A (o(T A ) 0(l * xA i) k(t* x A 1 )) ® A F 

commutes with the obvious tensor structure in the RHS. 

On the other hand, arguing like in the proof of Lemma 5, we obtain a canonical 
isomorphism ip gen (V) — K-M-I en ( — P) ® V <E> W^) cE)[/ ft k[/i] which implies that the tensor 
structures on </> and (/? gcn are compatible as well. This completes the proof of the 
proposition. □ 

4.7. Quasiclassical limit of 4>{V). For V G Rep(G), Lemma 6 implies that the 
0(t*/W)-bimodule <f)(V) is supported at the diagonal A C i*/W x t*/W. It follows 
that the action of 0(t*/W x t*/W x A 1 ) on 0(V) actually extends to the action of 

0( N l*/Wxi*/w A )- As we know from 2 - 6 > O^l'/wxfr/w^)/^ - 0(T(t*/W)) is the 
universal centralizer. 

Lemma 9. For V G Rep(G), the 0(T(t* /W)) -module (j){V)\n=o is canonically isomor- 
phic to the module 0(E) (g> V over the universal centralizer. 

Proof : Consider the O(0*) G -module PoI(q*,q) g of G-invariant polynomial maps 
from q* to 5; this is a vector bundle over SpecO(g*) G = S. Given a polynomial 
P G 0(g*) G , its differential dP defines a section of this vector bundle. For a central 
element z G = 0(g*) G we denote the corresponding section by a z . If z runs 

through a set of generators of Z(U(q)), the corresponding sections cr 2 form a basis of 
the universal centralizer bundle, and identify it with the cotangent bundle T*(S). 

Thus it suffices to check the following statement about the free fo-Harish-Chandra 
bimodule Un® V. Let z^ (resp. z^) stand for the left (resp. right) action of z in 
U h (g> V. Then the action of z(1) - z(2) \ h=0 on (U h <g> F)|n=o = 0(fl*) ® V coincides with 
the action of cr z G 0(g*) <g> 0. 

In effect, if v G V, and 2 = Yli a-i%h ■ ■ ■ %i k where x k G 0, and y G U% is a lift of y G 
0(0*) = ^?i|ft=o, then z (v® v )-(y® v ) z \ h=0 = £\ . . . xl t ■ ■ ■ x ik y®x k (v) = a z (y®v). 

The lemma is proved. □ 



EQUIVARIANT SATAKE CATEGORY AND KOSTANT-WHITTAKER REDUCTION 



19 



5. Rank 1 

5.1. Equivariant cohomology for G = PGL{2). Let us describe 
Hq Gm (GiG,S(V)) in the case G = PGL(2). Then G is isomorphic to 
SL(2). For a positive integer n let V n be the n + 1-dimensional irreducible SL(2)- 
module. Let Gr n be the closure of the n-dimensional Go-orbit in Gtq. It is known 
that Gr„ is rationally smooth, so we are interested in F[^ oXlGm (Gr module over 
H^ oyjGm (Gv). The non-equivariant cohomology H'(Gv n ) is a cyclic if*(Gr)-module 
(see e.g. [19]). Hence, by graded Nakayama lemma, ^ G (Gr n ) is a cyclic module 
over #Q o><]Gm (Gr). Recall that H^ oxGm (Gi) = 0(N i / Wxi / w A) © 0(N t / Wxt / w A), 
and so H^ oxGm (Gi n ) is the structure sheaf of a subscheme A n C N t / Wxi / W A of a 
copy of N t / Wxt / W A specified by the parity of n. 

Now we describe the subscheme A n . Let P n = {nuj, (n — 2)co, . . . , (2 — n)uj, — nuj} be 
the set of weights of (?-module V n . We have P n C t = t*. For i = —n, —n+2, . . . , n— 2, n, 
let Fi C t x t x A 1 be a subscheme defined by the equations Tj = {(xi,X2,a) : X2 = 
x\ + iaw}. Let T(n) stand for the subscheme defined by the product of the above 
equations (over i = —n, —n + 2, . . . , n — 2, n). Recall that tt stands for the projection 
t — > t/W, and consider the subscheme (7r,7r,Id)(r(n)) C t/W x t/W x A 1 . Finally we 
can formulate 

Lemma 10. A n is the proper preimage of (tt, tt, Id)(r(n)) in N t i Wxt i w A. 

Proof : Since Ho, >iG m ^ s a na ^ 0(t/W x A 1 )-module, it suffices to identify A n with 
(7r,7r,Id)(r(n)) generically over t/VF x A 1 , or else to identify (tt, Id, Id) _1 (yl n ) with 
(Id, 7r, Id)(T(n)) generically over tx A 1 . This was done in Lemma 1. □ 

5.2. Generic splitting of the canonical filtration on equivariant co- 
homology for G = PGL(2). Recall the canonical filtration on H^ xG (Gr n ) 
(see 3.2). We will compare the identification (see Lemma 1) of the associated 
graded with ©" = _„(Id, tt, Id)*0(Fj) iV n with the identification (see Lemma 10) 
H^ xGm (Gr n ) = ((-7T, Id, ld)~ 1 (A n )) . To this end we recall some basic facts about the 
cohomology of Gr n . For i = —n, —n + 2, . . . , n — 2, n, let v% € H t+n (Gr n ) stand for the 
(Poincare dual of the) fundamental class of Gr n nTj (an irreducible subvariety of Gr n 
of dimension The action of e,h, f G SI2 on H'(Gr n ) in this basis is given by 

n + i n — i 

hvi = iVi, evi-2 = -^—Vi, J v i+2 = -^— y i 

(recall that e is defined as the multiplication by the first Chern class of the determinant 
line bundle). 

The canonical filtration = F n+2 C F n C F n ~ 2 C ... C F 2 ~ n C F~ n = 
#TxG m (Gr n ) is given by = Im (r, : H^ TxQ JGr n ) -> H' xG JGr n )) . On the 
other hand, the proof of Lemma 10 shows that H^ xGm (GT n ) is generated by the 
(Poincare dual of the) fundamental class V- n of Gr„ = Gr ra nT_ n . Recall that )i stands 
for the embedding of the T-fixed point i into Tj, while %i stands for the locally closed 
embedding of into Gr. Let us denote by % the closed embedding of Tj into Gr. 
The image of i\v^ n in the nonequivariant cohomology H'(Gr n PlTj) is the fundamental 
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class Vi of Gr n flXj. We can further restrict it to Gr„ n£j, and then to i to get )*i*V- n . 
To compare it with j*i\v- n we consider a transversal slice Gr n D&i to Gr ra n% in Gr n 
where &i is the iV(F)-orbit through the point i. 

n-\-i 

It is known that Gr ra D&i is isomorphic to a vector space A~2~ with the origin at i, 
and the action of T x G m is linear with weights x + (i — l)ft, x + (i — 2)ft, . . . ,x + ^-^ft- 
It follows that i\v- n = (x + (i - l)K)(x + (i - 2)ft) . . . (x + % -^K)i\v - n . We conclude 
that the generator V{ of F l whose class in the nonequivariant cohomology H'(Gv n ) is 
equal to Vi is given by 

% — Tl 

(7) vi = {x + {i- l)h)(x + (i - 2)ft) . . . (x + — 2~ ft)6_„ 

5.3. Kostant functor for G = SL{2). Now we consider the group G = SL{2) with 
the Lie algebra q = and Cartan subalgebra t C Q. 

Lemma 11. The 0(t*/W x t*/W x K l )-module <p(V n ) = Kn,(Un,<g>V n ) is isomorphic to 
0(A n ). 

Proof : According to Lemma 9, the restriction of <f)(V n ) to ft = is isomorphic to the 
0(T(t*/iy))-module V n <8> 0(t*/W), that is V n viewed as a module over the universal 
centralizer. Further restricting it to G t*/W we obtain V n viewed as a module over 
the centralizer of the regular nilpotent e <G sfe- Clearly, V n is a cyclic k[e]-module. 
By the graded Nakayama Lemma, (f>(V n ) is a cyclic Q(Ni* , Wx - t * , w A)-m.odu[e as well, 
hence (f>(V n ) is isomorphic to the structure sheaf of a subscheme B n C N- t */ Wx i*/ W A. 
We have to check B n = A n . 

According to Lemmas 5, 6, (f>{V n ) is a flat 0(t* /W x A 1 )-module, so it suffices 
to identify B n and A n generically over t*/W x A 1 . Moreover, it suffices to identify 
(it, it, Id) _1 (.B n ) with T(n) C t* x t* x A 1 . This was done in Lemma 6. This completes 
the proof of the lemma. □ 

5.4. Generic splitting of the canonical filtration on Kostant functor for G = 

SL(2). Recall the canonical filtration on <p(V n ) (see 4.3). We will compare the iden- 
tification (see Lemma 6) of the associated graded with ©iL_ n (^d, vr, ld)*0(rj) ® iV n 
with the identification (see Lemma 11) <f(V n ) = ((it, Id, ld)~ l (A n )^ . To this end we 
recall some basic facts about [/ft(sl2)-modules. First, V n is a free k[ft]-module with a 
basis {v n , v n -2, ■ ■ ■ , v -n}- The action of e, ft, / G 5^ is given by 

Tl ~\~ % Tl — 1 

hvi = ihvi, evi-2 = ~^—hvi, fv i+2 = -^—hvi 

Second, M^(— 1) is a free k[ft, x]-module with a basis {m_i, m_3, m_5, . . .}. The action 
of e, ft, / is given by 

hrrii = (x + ih)rrii, errii = % 1 h(x - ^-^-h)m i+2 , frrii = mi_ 2 

We have a canonical filtration = F n+2 C F n C F n ~ 2 C ... C F 2 ~ n C F~ n = 
Mft(-l) <8>k[fi,] V n by f/a-submodules such that F l /F l+2 = Mn(i — 1) ® iV n (notations 
of 4.3). Recall that iV n is spanned by Vi. There is a unique vector Sj G (Ms(- 1) <8> 
Ki) ®k[7i,x] k(ft, x ) such that esj = 0, and Si = m_i <g> w« modulo U n (si+2, Si+4, • • • , s n ). 
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Then F l = Un(si, s«+2, • • • , s n ) n (M^(— 1) <g> V n ). The image Sj of this vector in the ip- 
coinvariants Un{si) <8>[/ R (n_)Y> = Mh(i—l)<8>u h (h-)ip is the generator of (Id, ir, ld)*0(rj)<g> 
jV^. Note that the space of ^-coinvariants is just the quotient modulo the image of 
/-I- 

On the other hand, the proof of Lemma 11 shows that tp(V n ) = (M^(— l)<8>V^)(g>tr fi (n_) 
?/> is generated by the image m_i <g> v n of m_i<8>t;_ n in the space of ^-coinvariants. Thus 
we have to express m_i <8> f- n in terms of s_ n , . . . , s n . 

Lemma 12. 



m_i <g>t;_„ = ^ (x+ (« - l)ft) _1 (x + (i - 2)Ar 1 . . . ( x + h) 



s; 



Proof : Recall that the space of ^-coinvariants is just the quotient modulo the image 
of / — 1. This means we have to prove the following equality in (Mn(— 1) <8> V n ) ®w\n,x\ 
k(H, x): 

n / ■ _ \~ 1 

m- 1 ®v- n = ^{x+(i-l)h)- 1 (x+(i-2)hy 1 ...(x+ l -^h\ f^Si 

i=—n 

For I = 0, 1, . . . , n we introduce a new vector s\ such that es\ = 0, and s\ = e'(m_i ® 
Vi-21) modulo Uh,(si+2, ■ ■ ■ j Sn) (evidently, s\ is proportional to si = s® when i—2l > 
—n; otherwise, s\ is not defined). Consider the following collection of equalities: 

e'(m_i®«_ n )= ^(x+(i-l)^)~ 1 (x+(i-2)n)- 1 . . . fx + - ~ ^ + - h\ 'f^s 1 , 

i=-n+2l ^ ~ ' 

Then the n-th equality is obvious, while the / + 1-st equality is equivalent to the Z-th one 
by applying e to both sides. Thus the desired equality (for I = 0) follows by descending 
induction in I. □ 

6. Topology vs Algebra 

6.1. Comparison of Kostant functor with equivariant cohomology. Recall that 
t is identified with t*. 

Theorem 6. a) For V € Rep(G) there is a unique isomorphism ofO(t/W xt/W x A 1 )- 
modules ny : H Gq y)Gm (Gtq, S(V)) ~ 4>{V) such that (n, Id, ld)*r]v preserves the 
canonical filtrations and induces the identity isomorphism of the associated graded 
gr(Tr,Id,WH' Go><G JGr G ,S(V)) = (Id,vr,Id), A O(r A ) (g> \V = gr(7T, Id, ld)*cj>(V). 
b) For Vi, Vi £ Rep(G) the composition 

^G xG m (Gr G ,S(F 1 ))*^ 0><Gm (Gr G ,5(y 2 )) ™> H Go » G JGr G , S(Vi ® V 2 )) 



equals r)y 1 * rjy 2 (notations of 3.5 and 4-6). 
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Proof : a) We have 

(n,ld,ldTH' GoxG JGr G ,S(V)) ® 0(txA i) k(t x A 1 ) = 
gr(w,Id,Id)*H' Go><G JGi: G ,S(V)) <g> 0(txA1) k(t x A 1 ) = 

^0(Id,7r,Id)*O(r A ) ® A yJ ® 0(txA i) k(t x A 1 ) = 

^r(7r,Id,Id)V(^) ® ( txA i) k(t x A 1 ) = (tt, Id, Id)V(V) ® (txAi) k(t x A 1 ). 
Thus we have to identify (tt, Id, Id)*i?Q xGm (Gr(3, S(V)) with the natural W-action 
on it, and (tt, Id, ld)*(f>(V) with the natural VF-action on it, as two 0(t x t/W x A 1 )- 
submodules of (0 A (Id, tt, Id)*0(r A ) ® \V) ®o(txA 1 ) k(t x Fi rst we wm show that 
the W^-action on (0 A (Id, 7r, Id)*0(r A ) ® \V) ®o(txA 1 ) k(t x A 1 ) arising from its iden- 
tification with (it, Id, Id)* H Go>!jGm (Grc, S(V)) ®o(txA!) k(t x A 1 ) coincides with the 
W-action arising from the identification with (tt, Id, Id)*<p(V) ®o(txA 1 ) k(t x A 1 ). 

Let a be a simple root, s a G the corresponding simple reflection, and (e a , h a , f a ) 
the corresponding sfe-triple in g. Let v £ \V be a vector such that / a f = 0. Then 
h a v = X(h a )v, and X(h a ) is a nonpositive integer. We consider the following vector in 
(0 A (Id, tt, Id)*0(r A ) ® A V) ® 0( txAi) k(t x A 1 ) 9 p a (u) := 

-A(/i a ) 

(/ iQ +(2/c-l+A(/ iQ ))/i)- 1 (/i Q +(2A;-2+A(/i Q ))n)" 1 . . . (^+(fc+A(/i a ))n)- 1 l A+fcQ ®e^ 

fc=0 

where 1„ is the constant function 1 on (Id, tt, Id)r^. 

It follows from the computation in rank 1 (Lemma 12), and the transitivity equa- 
tion (8) of subsection 4.5 (applied to the case where L is a subminimal Levi containing 
just one positive root a, and V = T) that p a (v) is s a -invariant (with respect to the 
action arising from the identification with (tt, Id, Id)*(p(V) ®o(t X A 1 ) k(t x A 1 )), and 

M * ■= Ef 0(t x A^p^v) contains (tt, Id, Id)*<f>(V). 

On the other hand, it follows from the computation in rank 1 (equation (7) of 
subsection 5.2), and the transitivity equation (3) of subsection 3.4 (applied to the 
case where L is a subminimal Levi containing just one positive root a, and V = T) 
that p a (v) is s Q -invariant (with respect to the action arising from the identification 

with (7r,Id,Id)*^ o><Gm (Gr G ,5(F)) ® 0(txA i) k(t x A 1 )), and M a = Ef 0(t x 
A l )p a (v) contains (tt, Id, ld)*H G xG (Gtg,S(V)). It follows that the two W-actions 
on (0 A (Id,7r,Id)*O(r A ) ® \V) ®o(t X A 1 ) k(t x A 1 ) coincide. In particular, we have 
defined unambiguously a PT-action on (0 A (Id, tt, Id)*0(r A ) ® \V) ®o(t X A 1 ) k(t x A 1 ). 

Now we claim that (tt, Id, ld)*4>(V) = pfiffi* : w(M a ) = (tt, Id, Id)*tf£ o><Gm (Gr G , S(V)). 
In effect, note that if (Id, tt, Id)I\, n (Id, 7r,Id)r^ has codimension 1 in (Id, tt, ld)F u 
(and in (Id, tt, Id)r /1 as well), then necessarily fi = v + k(3 for certain integer 
k, and certain positive root [3 (not necessarily a simple root). Let us choose 
w £ W such that a := tf~ 1 (/3) is a simple root. Then w~ 1 (fi) = w~ l (i>) + fca. 
Since we know that any section in M a extends through the generic point of 
(Id, n, Id)r w -i( M ) n (Id, it, ld)F w -i^ +ka , we conclude that any section in w(M a ) 
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extends through the generic point of (Id, tt, Id)r^ n (Id, tt, Id)r^. It follows 
that any section in ClZ^v^^ w (M a ) is regular off a codimension 2 subvari- 
ety. Since both (tt, Id, Id)'V(V) and (tt, Id, Id)*i?^ Q><Gm (Gr G , S{V)) are flat 

0(t x A 1 )-modules coinciding with Q^^P 16 w;(M a ) generically, we conclude that 

(7r,Id,Id)^(y) = f)Ztw le W ( M *) = ^MM)*H^ oxG JGt g ,S(V)). This completes 
the proof of the a). 

b) follows by comparing Propositions 1 and 2. □ 

6.2. Cohomology is fully faithful. The following property of the cohomology func- 
tor will play an important role in the proof of the main results. Let JS (resp. JS) denote 
the full subcategory of semisimple complexes in DG xG m (Gr) (resp. Dg (Gt)). 

Lemma 13. a) The functor -P Go x<G m : Coh Gm (N^^ w ^A) * s a full imbedding, 

b) The functor H^ q : 06 -» Coh G ™ (T(t* /W)) is a full imbedding. 

Proof is due to V. Ginzburg, see [17]. We prove a), and the proof of b) is identical. 
For V U V 2 € Rep(G) we have Ext^JS^), S(V 2 )) = Ext^JS^), S(V 2 )). 
Let us denote by ResQ the forgetting functor from the G x G m -equivariant 
derived category to the T x G m -equivariant derived category. Then the 
Weyl group W acts naturally on Exty xG (Res^S (Vi) , ResQ(V 2 )) , and 
^GxgJS(Vi),S(V 2 )) = Ext^ xGm ( J Re45(F 1 ), J Re4(y 2 )) w . On the other 
hand, we know by Theorem 6 a) that H^xG (Gr, 5(Vi i2 )) — <p{Vi >2 ), arid clearly, 
Hom(^(V L ),^(V r 2 )) = Hom(<p(Vi),(p(V 2 )) w . Thus it suffices to prove that 

Ext^JPesgS^Pesg^)) ~ 

Hom 0(tx(f/w -) x Ai) (^TxG m ( Gr ) 5, (^l))^TxG ra ( Gr >* S '(^2))) = 

Hom^. xGm(Gr) (^ xGm (Gr,5(T/ 1 )),^ xGm (Gr,5(T/ 2 ))) . 

Following [9], recall the definition of the LHS: we choose finite dimensional 
approximations Pj to the classifying space of T x G m , and we have ind- varieties 
Pi Gr fibered over Pj with fibers isomorphic to Gr. We also have semisimple perverse 
sheaves PiS(V\ :2 ) on Pj Gr, and finally Ext^ xGm (PeSgS'(l / i), Pes^V^)) is defined as 
limExtp. Gv .(PiS(Vi), PiS(V 2 )). Since T x G m is a torus, we can choose P, to be the 

products of projective spaces (of increasing dimension). We can choose a generic action 
of G m on Pi Gr (linear along Pj, and via a one-parametric subgroup of T x G m along 
Gr) such that the corresponding Bialynicki-Birula decomposition of Pj Gr is cellular. 
Then we can apply the Theorem of [17] to conclude that Extp Gr (Pj5(Vi), Pj5'(V 2 )) ~ 
Rom H . (PiGr) (H'{Pi Gr, S(Vi)), H'(Pi Gr, S(V 2 ))). But the limit of the RHS as i grows 
is Hom "*xG m (Gr) (^ xGm (Gr,5(y 1 )),P' xGm (Gr,5(y 2 ))). 
The lemma is proved. □ 

6.3. Proof of Theorems 2, 4. The Theorems follow from Theorem 6 in view of 
Lemmas 4(b), 13. 
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6.4. Homology. The goal of this subsection is to express equivariant cohomology of ar- 
bitrary (not necessarily semisimple) equivariant complexes in terms of Harish-Chandra 
bimodules, and to prove Theorem 3. By Theorem 2 we have a monoidal equivalence 
S between the category !KS{ r of free asymptotic Harish-Chandra bimodules and the 
category JC of semisimple complexes in Z)G xG m (Gr). 

A standard argument shows any functor on free Harish-Chandra bimodules is repre- 
sentable by a unique up to a unique isomorphism (not necessarily free) Harish-Chandra 
bimodule. Thus we have a functor from J : Z?G >«G m (Gr) — > "KQn, equipped with a 
functorial isomorphism 

Hom(S(F), 3~) Hom(F, 

J is defined uniquely up to a unique isomorphism. 

Since S is a full embedding, 5 ° § — Id canonically, i.e. J restricted to the category 
of semi-simple complexes is the inverse equivalence to S. It is easy to see from the 
definition that J is a homological functor; thus it actually lands in the category "HQ ft 
of finitely generated Harish-Chandra bimodules, # : -DG x<G m (Gr) — > "KQn. 

We will say that a functor F between two monoidal categories is quasi-monoidal if 
a functorial map F(X) * F(Y) — > F(X * Y) is fixed for any objects X, Y of the target 
category, compatible with the associativity isomorphisms in the two categories in the 
natural sense. 

Proposition 3. a) $ carries a unique quasi-monoidal structure, whose restriction to 
induces the natural monoidal structure on Id^g/r = Jo §. 

b) We have a natural isomorphism ^G xiG m ~ K h ° $ compatible with the 
(quasi) monoidal structure. 

Proof a) It is easy to see that 

5(J) = J RHom(/C ,0(G) * J) i?Hom(/G , ? * 0(G)) 

canonically (where the last isomorphism comes from the fact that both sides can be 
identified with (J) RHom(V£®IC\, 3~)). Then the quasi-monoidal structure comes from 

A 

the coalgebra structure on 0(G). Uniqueness follows from the fact that for every 9" £ 
^G xG m we can find a free asymptotic Harish-Chandra bimodule V and a surjection 
V — > by definition of J it comes from a map L = §(V) — > 3~. Then, in view of 

functoriality, for 3~i, 9~ 2 G £>G x<G m the map * $($2) — > #(^1 * $2) is uniquely 

determined by the isomorphism 3(Li) * #(£2) — * ?(^i * £2) for Lj — > 3^ = 1, 2) as 
above. 

b) For 1 € DG x<G m (Gr) we can find an exact sequence Vi — > V2 — > 5(9") — > 0, where 
Vi are free asymptotic Harish-Chandra bimodules. To this sequence there corresponds 
a sequence of maps in Z>G xG m (Gr) with zero composition: L\ — > L2 — > 9", where 
L, = S(V-). We have n h o = Cc-Ker^n^) -> « R (^ 2 )) = CoKer(H^ o xGm (L\ ) -> 
^GoxGrnt^ 2 ))' ^he latter module maps canonically to i? Go><l(Gm (9"). Thus we defined 
a map o 5 r (3 r ) — > ^g xG m (~0- A standard argument shows that this map does not 
depend on the choice of V±, V2. We have obtained a natural transformation between 
the two functors. This transformation is an isomorphism on semi-simple complexes. 
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Since both functors are homological (where we use exactness of rc^, Lemma 4(a)) and 
semi-simple objects generate the triangulated category Z?G x ( G m (Gr), we see that the 
transformation is an isomorphism. □ 

We can clearly extend all of the above to Ind-objects. We will be particularly inter- 
ested in the Ind-object D = limDx, where D\ is the dualizing sheaf of the closure of the 

Go-orbit Gr A . Notice that H?° xGm (Gr) = H^ oxGm (D), and the convolution algebra 
structure on homology comes from the structure of an algebra in the monoidal category 
.Dgo xGm on the object T) and the monoidal structure on the cohomology functor. 

We will now describe the corresponding object in the category of Harish-Chandra 
bimodules. Recall first the duality D on 3iC{ r , D:Mh Hom^M, Un), where Horn 
is taken with respect to the right action of Un, and the left action on M, Un is used to 
define, respectively, the right and the left action on the Horn module. Let Forg denote 
the forgetful functor from Harish-Chandra bimodules to vector spaces. The functor 
Forg o D is represented by the Ind-object, which is readily identified with Un ® 0(G), 
the module of ^-differential operators on G. Furthermore, Un® 0(G) carries another 
commuting structure of a Harish-Chandra bimodule, and we set % = nn(Un <S> 0(G)), 
where this second structure of a Harish-Chandra bimodule is used to compute Kn- 
Thus % is an Ind-object in the category of Harish-Chandra bimodules; moreover, it is 
an algebra Ind-object in this monoidal category. 

Proposition 4. We have a canonical isomorphism of algebra Ind-objects: 5(2)) = %■ 

To prove Proposition we need another auxiliary 

Lemma 14. We have a canonical isomorphism Do§ = S o £g o D, where D, £g 
denote, respectively, Verdier duality and the functor induced by the canonical outer 
automorphism of G interchanging conjugacy classes of g and g^ 1 , g G G (the Chevalley 
involution). 

Proof : Recall that a monoidal category C is rigid if for any object V € 6 there 
exists another object V* £ 6 and morphisms i : 1 — > V <8> V* and r : V* <S> V — > 1 
satisfying a certain compatibility constraint, see [14]. Given V, an object V* together 
with morphisms i, r is unique up to a unique isomorphism if it exists. Thus for a 
rigid category C we have a canonical (up to a canonical isomorphism) functor S i— > Q op 
sending V to V* . It is immediate to check that monoidal categories Pert" g q xG m (Gr) 
and WC{ r are rigid categories with duality functors given by f(joD and D respectively, 
where the functor <tc is induced by the Chevalley involution of G. The equivalence 
between the two categories intertwines the canonically defined dualities. Also, it is 
well-known that S o = <tc § canonically. The Lemma follows. □ 

Proof of Proposition 4- The Ind-object D represents the functor 

J i — ^ i7 G X(G (D(CF)). In view of Lemma 14 and Proposition 3(c) we see 
that the Ind-object 5(2)) represents the functor M i— > kr(D(M)) on the category 
of free asymptotic Harish-Chandra modules. It is straighforward to see from the 
definitions that the Ind-object % represents the same functor. The isomorphism 
of functors yields an isomorphism of Harish-Chandra bimodules. Since the 
isomorphism of functors is compatible with the monoidal structure, the isomorphism 
of Harish-Chandra bimodules is compatible with the algebra structure. □ 
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Proof of Theorem 3. By Propositions 3 and 4 we have an isomorphism of algebras 
^G *G m(Gr) = H' Go „ G JV) - Kh (X). 
The latter is by definition the algebra of the quantum Toda lattice. □ 

6.5. Formality from purity. In this section we combine the above Ext computation 
with a standard argument which allows one to derive formality of the RHom algebra 
from purity of the Ext spaces. The result is a description of the derived Satake category, 
including the version equivariant with respect to the loop rotation. 

Except for some technical details, this section does not contain original contributions 
of the authors. We have learned the geometric (respectively, algebraic) ideas exposed 
here from V. Ginzburg (respectively, L. Positselski) around 1998. 

In order to be able to use Frobenius weights we extend the basic setting, and consider 
Go, Gr etc. over ¥ q , and the categories of equivariant Z-adic sheaves on Gr. 

Consider the following general situation. Let R be a finitely localized ring of integers 
of a number field E, and let ¥ q be a finite field quotient of R. Let Xr be a flat scheme 
over R acted upon by a smooth affine group scheme Gr, such that the set of orbits 
is finite. We denote by (Xf ,Gf ) (resp. (Xg,G B )) the base change of (Xr,Gr) to 
a geometric point of R over ¥ q (resp. over the generic point). We choose a prime I 
invertible in R. Let D Gf (Xf^) (resp. Dq e (X^)) stand for the bounded equivariant 

constructible derived category of etale Q;-sheaves on Xf (resp. Xg) (see e.g. [6], 7.4). 
We choose an isomorphism Qi ~ k (under a technical assumption that k has the same 
cardinality as Qi), and an embedding E C, and we denote by (Xc,Gc) the base 
change of (X B ,G E ) to C. Let D Gc {X c ) (resp. D%£(X c ,Qi), D^(X C )) stand for the 
bounded equivariant constructible derived category of etale Q;-sheaves on Xc (resp. 
bounded equivariant constructible derived category of sheaves with Qz-coefficients, resp. 
k-coefficients, in the classical topology of Xq). 

Proposition 5. There exists a localization R^ of R such that for any point R^ -» ¥ g , 
we have the following chain of natural equivalences: 

D Gfq (X fq ) ^ D G ^X B ) ^ D Gc (X c ) Z D%{X c ,m - D^{Xc) 

Sketch of proof . The argument is taken from [5], 6.1. The first equivalence a is con- 
structed in [5], 6.1.9 (existence of good models). To justify the finiteness assumptions 
of loc. cit. we note that the set of isomorphism classes of G-equivariant irreducible per- 
verse sheaves on X is finite. Since the equivariant derived categories are not considered 
in loc. cit. we note that according to [6], 7.4, to compare the equivariant Exts between 
equivariant irreducible perverse sheaves on X it suffices to compare the usual Exts 
between the lifts of these sheaves to X x G n (see the canonical spectral sequence (312) 
of loc. cit.). These are calculated by the Kiinneth formula. 

The second equivalence f3 is just the base change from E to C. The third equivalence 
7 is the classical M. Artin's comparison theorem of etale and classical cohomology, 
see [5], 6.1.2(B"). Finally, 5 is induced by our isomorphism Qj ~ k. □ 
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From now on we will restrict our attention to the equivariant derived categories in 
our new setting, that is, over ¥ q . 

Let X be an algebraic variety over a finite ¥ q , and let D(Xf ) stand for the bounded 
constructible /-adic derived category of Xf . Let 3~ be a pure weight zero object of 
the £-adic derived category of X of geometric origin. The space Ext 1 (3^ , 3^ ) = 
Ext*- (3"f , ) carries a canonical grading by Frobenius weights; here the subindex 
denotes base change to F q , and Ext* is the component of weight j. Recall that by 
Deligne Theorem [13] Ext*- = for j < i. 

Let £ be a graded algebra and (f> : £ — > Ext"(3f , 3f ) op be a homomorphism sending 
a graded component £ l to -Ext^ (3"f , 3|. ) . 

We will consider the graded algebra £ as a dg-algebra with zero differential. 

Proposition 6. There exists a canonical functor &x '■ D per f(E) — > D(Xf) sending 
the free module to 3"f and inducing the map <f> on Ext groups. 

Sketch of proof. The complex 3f^ is semi-simple, i.e. is isomorphic to ©ICj[dj], 
where ICj is an irreducible perverse sheaf and d{ G Z. By Beilinson's Theorem [4] 
the Z-adic derived category contains the derived category of perverse sheaves as a full 
subcategory, thus Ext* (3f , 3f ) coincides with Ext in the category of perverse sheaves. 
We can assume without loss of generality that £ is finitely presented; thus the map <j> 
factors through a map 4>fi n : E — > Ext^(3"f , 3"f ), where A is the Serre subcategory in 
the category of perverse sheaves on Xf generated by a finite set of irreducible objects, 
including IC{. Moreover, the argument of [4] (cf. Examples in loc. cit., 1.2, p. 28) 
shows that all irreducible objects of A can be assumed to be of geometric origin. 

We can identify the abelian category A with the category of finite length A-modules, 
where the pro-finite dimensional algebra (algebra in the tensor category of pro-finite 
dimensional vector spaces) A is defined by A = End(©J > s ); here s runs over the (finite) 
set of isomorphism classes of irreducible objects in A, and T s is a pro-object in A 
which is a projective cover of the corresponding irreducible object L s , cf. [3]. We fix 
an isomorphism Fr*(L s ) = L s , which induces a pure weight zero Weil structure on L s 
(this is possible because L s has geometric origin, see [5]). Since projective cover of an 
irreducible object is unique up to a non-unique isomorphism, we can (and will) fix an 
isomorphism i*V*((P s ) = !P S . Then conjugation with Frobenius is an automorphism of 
A (which we will also call Frobenius). 

By a result of [5], Frobenius acts on Ext 1 (L s ,L s /) with positive weights. It follows 
that Frobenius finite elements are dense in A, and they form a graded subalgebra A gr 
with finite dimensional graded components, where the grading comes from Frobenius 
weights. Moreover, components of negative degree in A 9r vanish, while Aq~ is semisim- 
ple. Obviously, A is identified with the category of finite length A gr modules, on which 
A 9 ^ acts by zero for N 3> 0. 

We now consider the object L = ©Lj[<ij] G D b (A) (where Li corresponds to ICi) 
and a dg-algebra D = RHom^(L, L) (well defined as an object of the category of 
dg-algebras with inverted quasi-isomorphisms). Recall that we have an equivalence 
D b (A) ^ D perf (D°P), M ^ RHom(L, M). We lift L to an object L = eLi[di}(di) 
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of the derived category of graded ^4 9r -modules, where Li is the irreducible yl-module 
concentrated in degree zero, and (d) stands for shift of grading by d. Then the alge- 
bra Ext* (L,L) acquires an additional grading, and D can be chosen to carry also an 
additional grading compatible with the grading on Ext's. We have a homomorphism 
£ — > 0Ext^(L, L), where the lower index denotes the additional grading, and the fact 

i 

that A gr is positively graded implies that Ext* = for j < 0. Thus existence of a 
canonically defined functor D per f(E) — > D b (A) follows from the standard Lemma 15a) 
below. 

We leave it as an exercise to the reader to show that the composed functor $x : 
Dp er f(E) — > D b (A) — > D(Xf ) does not depend on the choice of A up to a canonical 
isomorphism. □ 

We will also have to use functoriality properties of the above construction. We spell 
these out now. 

Proposition 7. a) Let X, Y be algebraic varieties over a finite field ¥ q , and F : 
D(Xf ) — > D(Yf ) be a functor satisfying the following conditions 

(1) F commutes with the pull back under Frobenius functor, i.e. an isomorphism 
F o Fr x = Fry o F is fixed. 

(2) F sends pure weight zero Weil complexes to pure weight zero Weil complexes. 

(3) Let A be a finitely generated Serre subcategory in Perv(Xf q ) invariant under 
the Frobenius pull-back functor. Then there exists a natural exact functor Fa ■ 
Com(A) — > Com{Perv{Yf ci )), compatible with Frobenius and equipped with a 

natural isomorphism f3y ° Fji — >F o f3 X - Here fix '■ Com(A) — > D(Xf ), j3y ■ 
Com{Perv{Yf ti )) — > D(Yf ) are the natural functors. 
Then the construction of Proposition 6 is compatible with F , that is, there is a natural 
isomorphism ipx^Y '■ — >F o $x- 

b) Assume furthermore that F\ : D(Y^^) — > D(Zf q ) is a functor satisfying the above 
conditions. Then F\ o F also satisfies these conditions, and the two isomorphisms 
ipx^z, F\ o ipx^Y between the two functors <&z—^Fi o F o & x '■ D per f(E) — > D(Zf ) 
coincide. 

Proof. As above, we find an abelian subcategory A' C Perv(Y) containing all 
subquotients of complexes -Fa(S), S €E A; a complex C of pro-objects in Perv m i x (Y) 
quasiisomorphic to F(C), whose terms with forgotten Frobenius action are projective 
pro-objects in A'. We also have a dg-algebra D' equipped with an additional grading, 
which acts on & in a way compatible with the grading by Frobenius weights, so that 
the action induces a quasiisomorphism D' — > RHomy[/(i ? (C), F(Q)). 

Consider a dg-module B x ,y of D' ® D op -module defined by B x ,y ■= Hom , (e', ^(S)). 

It is not hard to see that the composed functor D per f(D) = D b (A) — ► D b (A!) = 
D per f((D') op ) arises from this bimodule as described in Lemma 15(b). The action 
of Frobenius endows L>x,y with an additional grading compatible with the gradings 
on D, D'. Thus Lemma 15(b) provides the sought for isomorphism between the two 
functors D perf (E) -> D b (A'). 

Finally part (b) of the Proposition can be deduced from Lemma 15(c). □ 
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Remark 2. We will apply Proposition 7 when F = f* or F = g* for a smooth map 
/ : Y — > A or a proper map # : X — ► Y. Each of the functors F = /*, F = g* satisfies 
the requirements of the Propositions: for /* this is standard, and for g* property 3 
follows from a construction described in [4], page 41, and 2 follows from [5]. 

Thus Proposition 7 implies functoriality of the construction of Proposition 6 with 
respect to proper push-forward and smooth pull backs. Also, Proposition 7(b) implies 
compatibility of the isomorphism of Proposition 6 with the base change isomorphism 
for a proper map X — > Y and a smooth map Y' — ► Y. 

Remark 3. A result similar to Proposition 7 holds, with a similar proof, for a functor 
F : D{ l Xf q ) x ■ ■ ■ x D( n Xf) — > ). Examples of this situation arise when 

Y = l X x • • • x "A, F : (3~i, . . . , 3~ n ) i-> 3~i M ■ ■ ■ M 3~ n ; or in a twisted version of this 
situation (see below). 

Lemma 15. a) Let D = DJ be a dg-algebra equipped with an additional "inner" 
grading (denoted by a subindex), which is compatible with the differential (thus we have 
ssume that Hj(D) = for j < i. Then there is a canonical morphism 
in the category of dg-algebras with inverted quasiisomorphisms: H pur = 0i7|(D) — > D. 

i 

In particular, we have a canonical push-forward functor D per f(H pur ) — ► D per f(D). 

b) Let D, D' be dg-algebras satisfying the assumptions of (a). Let B € D(D' <g) D op ) 
be such that the forgetful functor D(D' (g> D op ) — > D(D') sends B to the free rank one 
module over D'; thus B defines a homomorphism cpB '■ H'(D) — > i7*(D'). Let £, 
: £ — > 0iJ?(D) 6e as above, and consider the functors $ : D per f(E) — > D per /(D) ; 

i 

3>' : D per f(£) — > D per f(D') arising from (ft, 4>b ° <fi respectively by the construction of 
part(a). 

L 

Consider the functor &b '• D per f(p) — > D per /(D ) given by M ^ B ®v M . Assume 
that B carries an additional grading compatible with the gradings on D ; D'. T/ien we 
/jaue a natural isomorphism $' = $^0$. 

Ze£ D, D' ; D" &e i/iree dg-algebras as above, and B, B" be modules for D' ® D op , 
D" ® (D') op as above. For a homomorphism £ — > 0i7|(D) i/ie too isomorphisms 
between the two functors _D per /(£) — > D per f(D") arising from part (b) coincide. 

Proof. We remind the idea of the construction in part (a), and leave (b,c) to the 
interested reader. Let Dj C D be the subcomplex of elements of inner degree i. We have 
a sub dg-algebra D up := T<jDj, where we use the standard notation r for truncation 

i 

of a complex. Furthermore, D up has a quotient algebra with zero differential &diag := 
0r>jT<jDj. The conditions of part (a) guarantee that the projection homomorphism 

i 

D up — > D^ a3 is a quasi-isomorphism. The composition of the formal inverse to this 
quasi-isomorphism with the embedding D up ^ D is the desired morphism. □ 

6.6. Proof of Theorem 5. We construct the first equivalence, the second one is 
similar. We will construct a monoidal functor : Df er f(U^) — > DG ixG m (Gr), whose 
restriction to the full subcategory WS{ r C D per f(U^) is identified with 8 (where the 
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full embedding sends a G-equivariant graded Un- module to the same module considered 
as a dg- module with zero differential) . Then ^ sends a set of generators of the source 
triangulated category to generators of the target category, and induces an isomorphism 
on Horn's between the generators, hence it is an equivalence. 

It suffices to construct a collection of functors ^\ : ^L-/(^I)<A — ► -t>G x<G m (Gr<A), 
where A is a coweight of G, Gr<\ is the closure of the corresponding Go orbit on 
Gr, and D^ er ^(U^)<x is the full subcategory in Dp er f(U^) generated by the objects 

V <S> [/I), where V is an irreducible representation of G with a highest weight \i < A. 
These functors will be compatible for comparable coweights (i.e. we have isomorphisms 
<I» = a nAU ^ or M — ^' satisfying the obvious compatibility for a triple of 

coweights u < fi < A). 

The action of Go x G m on Gr<A factors through a finite dimensional algebraic group 
H\, and -t>GoKG m (Gr<A) — Dh(Gt<\) naturally. To describe we need to provide 
the following data: for a smooth #A- ec i u i var i an t map X — > Gr<A, where H\ acts on X 
freely we need to provide a functor D^ er ^(U^)<,\ — > D{X/H\), compatible with pull- 
backs (i.e. a Cartesian section of the category of resolutions of Gr<A /H\ , cf. [9], 2.4.3). 
In view of Theorem 2 we have a map End*(V<A<8>tfJ?)-^Eiid'(I<A) -> End(I* x ); here 
V<\ is the sum of all irreducible G-modules with a highest weight less or equal than 
A, I<\ G -DG KGm(Gr<A) is the sum of IC sheaves of all Go orbits in Gr<A, and /< A 
is the pull-back of /<a to X. Thus the required functor is given by Proposition 6 in 
view of purity of equivariant Ext's between IC sheaves on the affine Grassmannian, see 
e.g. [16]. These functors do indeed form a Cartesian section in view of Proposition 7, 
cf. Remark 2. Compatibility between ^a and ^ for fi < A is left as an exercise for 
the reader. 

In view of Proposition 7 (cf. Remark 2), a monoidal structure for the constructed 
functor would follow if we show that the functors from [£g r/ (£/]])] 2 , [£>£ r/ (E/J )] 3 
to the derived category of sheaves on the convolution space, respectively, triple con- 
volution space, given, respectively, by (M 1 ,M 2 ) i-> *(Mi) M GotK<Gm *(M 2 ), and by 
(Mi, M 2 , M 3 ) ^ *(Mi) Kl G o^G m iir(M 2 ) K G ox<G m *(M 3 ) (where S GoKGm denotes the 
twisted external product on the convolution space), are compatible with the functors 
stemming from the construction of Proposition 6. This follows from Remark 3. □ 
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